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Abstract: We show how a nearly massless scalar field conformally and disformally coupled
to matter can affect the dynamics of two bodies in their inspiralling phase before merging.
We discuss both the conservative dynamics, e.g. how the energy of the bound system
is corrected by the conformal and disformal interactions, and the dissipative part where
scalars and gravitons are emitted. The first disformal correction to the Einstein-Infeld-
Hoffmann Lagrangian is obtained using both the Fokker method relying on the equations
of motion and an Effective Field Theory approach using Feynman diagrams. This leads to a
correction to the energy functional at the 2PN level for eccentric orbits, which vanishes for
circular orbits up to the 7PN order. The dissipative power from the disformal interaction
gives a correction to the monopole and quadrupole terms in the presence of a conformal
coupling. Although this correction vanishes for circular orbits at leading order, this is not
the case for elliptical orbits allowing us to derive a bound on the disformal coupling from
the time drift of the period for the Hulse-Taylor binary pulsar, which is slightly stronger
than the one from fifth force tests. We conclude that the prospect of observing disformal
effects for inspiralling systems lies in the accurate monitoring of eccentric trajectories as
expected for the LISA experiment.
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1 Introduction
Scalar fields [1] are ubiquitous in cosmology and have been intensely studied as plausi-
ble candidates for inflation [2], dark matter and dark energy [3]. They have an indirect
influence on the dynamics of the Universe and their plausible presence could be inferred
from cosmological data, past and future [4]. On the other hand, one would like to test the
existence of scalar fields in the Universe in a direct manner using experimental techniques
involving matter as convenient probes. This can only be envisaged when the putative
scalars couple to ordinary matter [5].
One can distinguish two types of couplings to matter. The first class involves conformal
couplings and lead to direct interactions such as Yukawa contact terms [6] or quadratic
terms in the symmetron model [7]. Another class falling within the Bekenstein classification
[8] is of the derivative nature and involves a pair of scalar derivatives coupled to the
energy-momentum tensor of matter. This type of coupling is known as a disformal term
– 1 –
[9] and appears naturally in constructions of scalar models of the Horndeski form [10, 11].
Disformal couplings have been investigated in a variety of contexts [12–17, 17–22] and
bounded quite strongly.
In this paper, we calculate the first disformal correction to the dynamics of a two
body bound system [23] such as neutron stars or black holes. This correction has two
origins. The first one follows from the scalar interaction between the bodies and results in
a modification of the Einstein-Infeld-Hoffmann Lagrangian. The second one comes from
the power emitted by the two body system into scalars; the presence of the disformal
interaction opens up new channels for this dissipative effects leading to a correction to the
Peter-Mathews formula [24]. We establish the remarkable property that for circular orbits
the effects of the disformal coupling vanish up to the seven Post-Newtonian (7PN) order
for the conservative part of the dynamics, and 6PN for the dissipative dynamics. Hence
only eccentric orbits are sensitive to the presence of the disformal interaction. This can be
intuitively understood from the fact that the disformal coupling to a point-like object is a
time derivative, i.e it reads
∫
dτ
(
dφ
dτ
)2
(1.1)
where τ is the proper time of the object we consider. As this time derivative vanishes
when the relative distance r between two orbiting objects is constant for circular orbits,
we conclude that the effects of the disformal coupling will only appear when relativistic
effects must be taken into account.
Finally we apply our results to the rate of change of the period for the Hulse-Taylor
binary pulsar [25]. We deduce a bound on the disformal coupling which is slighly tighter
than the one from tests of new gravitational forces in the sub-millimetric range by the
Eo¨t-wash experiment [26, 27]. These bounds on the disformal coupling imply that the
corrections for elliptical orbits will be small in the inspiralling phase prior to the merging
of two objects such as neutron stars or black holes. Only when the two bodies are close
enough does the disformal interaction become large. This is a regime which is beyond the
scope of this article and which should deserve further investigation.
This paper is arranged as follows. In Sec. 2 we compute the first disformal correction
to the conservative two-body dynamics using two different approaches : the Fokker effective
action and the Effective Field Theory approach. We examine in more detail the case of a
circular orbit, for which the disformal correction vanishes up to high PN order. Section
3 then presents the radiative part of the dynamics. We compute the radiated power into
scalars and derive a bound on the disformal energy from the Hulse-Taylor pulsar data.
We conclude in Section 4. Appendix A contains details concerning the Feynman rules and
the calculation of the diagrams in the main text, and App. B contains details about the
radiation from point particles sources. Our metric convention is (− + ++) and we use
Planck’s mass normalization m2Pl = 1/(8piGN ).
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2 Disformally coupled scalars and two body conservative dynamics
2.1 The model
We are interested in the dynamics of macroscopic bodies interacting via both gravity and
a massless scalar field. The dynamics are specified by the total action which reads
S =
∫
d4x
√−gE
(
RE
16piGN
− 1
2
(∂φ)2
)
+ Sm(ψi, gµν) (2.1)
in the Einstein frame for the Einstein-Hilbert action and a massless scalar field. The matter
fields are denoted by ψi and their action is Sm. In the following we will take the matter
action to be the one of point-like particles. This will give an appropriate description of
the dynamics of macroscopic objects like neutron stars as long as finite size effects can be
neglected.
The coupling between a massless scalar field and matter can be mediated by a metric
which differs from the one appearing in the Einstein-Hilbert action. In the following we
will focus on metrics of the Bekenstein form where both conformal and disformal couplings
are present. In general this could involve two functions A(φ,X) and B(φ,X) of the scalar
field φ and its derivatives X = −12(∂φ)2 where the contraction is performed with the
Einstein metric gEµν . Here we consider the scalar interaction between moving bodies when
the coupling between matter and the scalar field is mediated by the metric
gµν = A
2(φ)gEµν +B
2(φ)∂µφ∂νφ (2.2)
where we assume that both the conformal and disformal factors A(φ) and B(φ) are inde-
pendent of X. More precisely we will focus on the simplest type of conformal coupling
A(φ) = eβφ/mPl (2.3)
leading to a Yukawa interaction of coupling strength β with matter. The coupling β is
strongly constrained for a massless scalar, as no screening mechanism is involved, by the
Cassini bound β2 . 10−5 [28]. In the general case we assume that the conformal coupling
A can be expanded in φ/mPl. As the scalar field generated by a massive body of mass m
can be approximated by
φ ' βm
4pimPlr
(2.4)
where r is the distance to the source, the condition φ/mPl . 1 translates into r & r˜s where
r˜s = β
m
4pim2Pl
(2.5)
is the Schwarzschild radius of the source rs = 2GNm corrected by a factor β. As our
perturbative treatment is only valid well outside the Schwarzschild radius of the moving
bodies and as β  1 from the Cassini bound, we conclude that the series expansion in
φ/mPl is always valid where the perturbative treatment of the motion of moving objects
can be applied. We will see shortly that the disformal coupling introduces a new nonlinear
– 3 –
scale r?, which we can tune to be of the same order as the Schwarzschild radius for objects
of the mass of the sun, leading to interesting departures from GR that should appear in
the waveform generated by two inspiralling black holes or neutron stars.
We consider the disformal term to be a power series in φ/mPl. At leading order we
have
B2(φ) =
2
m2PlΛ
2
(2.6)
where the new scale Λ characterises the strength of the disformal interaction. Close to a
non-relativistic source of mass m, A(φ) ∼ gEµν ∼ 1. By requiring that the disformal factor
in eq. (2.2) should be less that the conformal one in order to recover Newtonian mechanics,
we obtain the following bound
βm
4pim2PlΛr
2
. 1 (2.7)
which simply means that our theory is valid in the range r & r?, where r? is the nonlinear
radius
r? =
√
βm
4pim2PlΛ
. (2.8)
For distances r < r∗, the perturbative calculation that we use in this article will be invalid.
One can tune the mass scale Λ so that r∗ is of the same order as the Schwarzschild radius
for an object like the Sun which gives then the scaling relation r? = rs,
√
m
m for objects
of different masses. One may worry that this could give too large a nonlinear radius for
small mass objects, however this is not the case. For example, a body of mass m = 1 kg
would have a nonlinear radius r∗ = 10−12 m, consequently usual matter has a nonlinear
radius well within its extension. The lower bound on Λ obtained by requiring r∗ . rs, is
Λ & 10−13 eV (2.9)
where we have taken β2 ' 10−5 from the Cassini bound. This should be compared with
the bound obtained by, e.g., torsion balance experiments Λ & 10−18 eV [27]. If one takes
also into account the constraints coming from particle physics experiments, then the value
of Λ should be much higher, Λ & 10−4 eV [27], leading to a non-linear radius well within
the Schwartzschild radius of solar mass objects. We chose nonetheless to carry our analysis
independently of collider constraints.
Let us now turn to the equations of motion of the theory. The gravitational dynamics
are dictated by the Einstein equation
Rµν − 1
2
Rgµν = 8piGN (Tµν + T
φ
µν) (2.10)
where the matter energy-momentum tensor in the Einstein frame is
Tµν = − 2√−gE δSmδgµνE . (2.11)
The corresponding one for the scalar field is given by
T φµν = ∂µφ∂νφ−
(∂φ)2
2
gEµν . (2.12)
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The dynamics of the scalar field are given by the Klein-Gordon equation
φ = −β T
mPl
+
2
Λ2m2Pl
∂µ(∂νφT
µν) (2.13)
where we consider the metric to be flat at leading order. In the following we will analyse
the solutions of the Klein-Gordon equation when matter is given by point-like sources.
2.2 Scalar field generated by two moving bodies
For point sources of mass mα the energy momentum tensors read
Tµνα = mα
∫
dτA(φ)uµαu
ν
αδ
(4)(xµ − xµα(τ)) (2.14)
where τ is the proper time of each particle in the Einstein frame such that uµ = dx
µ
α
dτ and
uµαuαµ = −1. Notice that, as we work in the Einstein frame, the masses of the particles
become mαA(φ) which is field dependent. In this Section we work at leading order in β and
1/Λ2 which implies that we can safely take A(φ) ∼ 1 in the Klein-Gordon equation. Higher
order contributions can be taken into account in the diagrammatic approach we will use in
Sec. 2.4. When two moving bodies are present, the solution to the Klein-Gordon equation
can be obtained in two steps [23]. The first step consists in solving the Klein-Gordon
equation with no disformal coupling
φ(0) = −βT
A + TB
mPl
(2.15)
where the energy momentum tensor contains both the parts from particles A and B. The
solution is simply given by the linear combination
φ(0) = φ
(0)
A + φ
(0)
B (2.16)
where we have
φ
(0)
A,B(x) = −
βmA,B(1− ~v
2
A,B
2 +
~v2A,B⊥
2 )
4pimPl|~x− ~xA,B| . (2.17)
and we have defined ~vA⊥ = ~vA − ~nA(~vA.~nA) where ~nA = (~x − ~xA)/|~x − ~xA|. We have
explicitly worked at lowest order in the velocities. This solution sources the next step in
the iteration process
δφ(0) = 2
m2PlΛ
2
∂µ(∂νφ
(0)Tµν) (2.18)
and leads to four contributions
δφ
(0)
αβ(x) = −
mα
2pim2PlΛ
2γα
∂µ(∂νφ
(0)
β (xα)u
µ
αuνα)
|~x− ~xα| (2.19)
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where α, β = A,B and γα =
1√
1−~v2α
. It turns out then that δφ
(0)
AA and δφ
(0)
BB both vanish
whilst
δφ
(0)
AB = −
βGNmAmB
pimPl
(~aA − ~aB).~nAB + (~vA − ~vB)2 − 3(~nAB.(~vA − ~vB))2
Λ2|~x− ~xA||~xB − ~xA|3
δφ
(0)
BA = −
βGNmAmB
pimPl
(~aA − ~aB).~nAB + (~vA − ~vB)2 − 3(~nAB.(~vA − ~vB))2
Λ2|~x− ~xB||~xB − ~xA|3
(2.20)
where ~nAB is the unit vector between A and B . Notice that the acceleration appears at
this order where ~aα =
d~vα
dt . Higher order contributions are obtained by solving iteratively
δφ(n+1) = 2
Λ2m2Pl
∂µ(∂νδφ
(n)Tµν) (2.21)
and summing
φ = φ(0) +
∑
n≥0
δφ(n). (2.22)
In the following we shall focus on n = 0 only.
2.3 The Fokker effective action
We can now calculate the effective action for the motion of two bodies. This is obtained
by evaluating the action of the scalar field together with the gravitational action when
the scalar field and the metric satisfy their equations of motion. In this Section we first
consider the scalar part of the action. At leading order the matter Lagrangian can be
expanded and corresponds to
Sm =
∫
d4x
(
β
mPl
(φA + φB)(TA + TB) +
1
m2PlΛ
2
∂µ(φA + φB)∂ν(φA + φB)(T
µν
A + T
µν
B )
)
(2.23)
Similarly the scalar action can be obtained after integration by parts and using the Klein-
Gordon equation
Sscalar = −1
2
∫
d4x
(
+
β
mPl
(φA + φB)(TA + TB)
+
2
m2PlΛ
2
∂µ(φA + φB)∂ν(φA + φB)(T
µν
A + T
µν
B )
) (2.24)
so that the part of the effective action which comes from the scalar field reads
Sscalar =
1
2
∫
d4x
β
mPl
(φA + φB)(TA + TB). (2.25)
Of course, there are self-energy divergences in this expression which must be removed. For
instance the scalar field in this action around ~xA is
φ(x) = φ¯B(x) +O(
1
|~x− ~xA|). (2.26)
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where explicitly
φ¯B(x) = φ
(0)
B (x) + δφ
(0)
BA(x) (2.27)
is the field generated by the particle B evaluated around the particle A. The scalar action
(2.25) can be explicitly evaluated and gives the scalar part of the Lagrangian
LS = −β
2GNmAmB
|xB − xA| (~v
2
A + ~v
2
B) +
2β2GNmAmB
|xB − xA| (1 +
~vA⊥.~vB.⊥
2
)
+4β2G2NmAmB(mA +mB)
((~aA − ~aB).~nAB + (~vA − ~vB))2 − 3((~vA − ~vB).~nAB)2
Λ2|xA − xB|4
(2.28)
which contributes to the effective dynamics of the two body system. The remaining part
of the effective action can be obtained by evaluating the Einstein-Hilbert action for the
gravitational fields sourced by two bodies [6]. This yields
LAB = 1
2
mA~v
2
A +
1
2
mB~v
2
B −mA −mB +
mA
8
~v4A +
mB
8
~v4B +
GN (1 + 2β
2)mAmB
|~xB − ~xA|
+
GNmAmB
2|~xA − ~xB|((3− 2β
2)~v2A + (3− 2β2)~v2B − 8~vA.~vB + (1 + 2β2)~vA⊥.~vB⊥)
+4β2G2NmAmB(mA +mB)
((~aA − ~aB).~nAB + (~vA − ~vB))2 − 3((~vA − ~vB).~nAB)2
Λ2|~xA − ~xB|4
−G
2
N (1 + 2β
2)2mAmB(mA +mB)
2r2
(2.29)
where ~vα⊥ = ~vα − (~vα.~nAB)~nAB, and ~vA⊥.~vB⊥ = ~vA.~vB − (~vA.~nAB)(~vB.~nAB). which has
been truncated at leading order in GN/Λ
2. This is the Einstein-Hoffman-Infeld Lagrangian
including the effects of both a conformal and a disformal coupling. In fact this action can
be reformulated thanks to the identity
d
dt
(
~nAB.(~vA − ~vB)
|~xA − ~xB|3 )+
(~nAB.(~vA − ~vB))2
|~xA − ~xB|4 =
((~aA − ~aB).~nAB + (~vA − ~vB))2 − 3((~vA − ~vB).~nAB)2
|~xA − ~xB|4
(2.30)
implying that up to a total time derivative which plays no role in the dynamics of the two
bodies, the effective Lagrangian becomes
LAB = 1
2
mA~v
2
A +
1
2
mB~v
2
B −mA −mB +
mA
8
~v4A +
mB
8
~v8B +
GN (1 + 2β
2)mAmB
|~xB − ~xA|
+
GNmAmB
2|~xA − ~xB|((3− 2β
2)~v2A + (3− 2β2)~v2B − 8~vA.~vB + (1 + 2β2)~vA⊥.~vB⊥)
+4β2G2NmAmB(mA +mB)
(~nAB.(~vA − ~vB))2
Λ2|~xA − ~xB|4
−G
2
N (1 + 2β
2)2mAmB(mA +mB)
2r2
(2.31)
with only one term coming from the disformal coupling and correcting the Einstein-Infeld-
Hoffmann Lagrangian.
– 7 –
Figure 1: Feynman diagram corresponding to the first disformal correction to the conser-
vative dynamics (it should also be included with its symmetric counterpart). The upper
vertex is the disformal one in eq. (2.34).
2.4 Equivalence with the diagrammatic approach
The previous result obtained using the Fokker method, i.e. calculating the field and re-
placing it into the action, can be recovered using a field theory approach along the lines of
Non-Relativistic General Relativity [29, 30]. A generalisation of this formalism including
scalar fields can be found in [31]. Here we use the fact that the action of a point-particle
α can be written as
Sm,α = −mα
∫
dτα (2.32)
where dτ2α = −gµνdxµαdxνα, and gµν is the Jordan frame metric, given in eq. (2.2). Expand-
ing the conformal factor for weak field values in φ/mPl, the Jordan frame proper time dτα
becomes related to the Einstein proper time dτEα via
dτα = dτ
E
α
(
1 +
βφ
mPl
− 1
Λ2m2Pl
(∂µφu
µ
α)
2
)
(2.33)
where uµα is the four-velocity of the point-particle. We have expanded the conformal factor
A only to first order in φ, as the higher-order contributions will not be relevant. By using
this expression in the action, we find that the interaction vertices are
Sm,α ⊃ −βmα
mPl
∫
dταφ+
mα
Λ2m2Pl
∫
dτα (∂µφu
µ
α)
2 . (2.34)
We can now use these two vertices to build Feynman diagrams. We refer the reader to
[31] for a thorough discussion of the methodology used in this field theory approach to the
problem of motion in scalar-tensor theories. A quick summary of the Feynman rules is
given in App. A. The lowest-order contribution of the disformal vertex to the two-body
Lagrangian is given by the diagram of Figure 1, which can be calculated to be
Fig 1 =
4β2G2NmAmB(mA +mB)
Λ2
(~nAB · (~vA − ~vB))2
|~xA − ~xB|4 . (2.35)
See the App. A for the explicit calculation. This is exactly the same interaction term as
the one calculated using the Fokker method and the equations of motion.
2.5 Energy for elliptic orbits
In Newtonian mechanics, the two body problem is easily solved and trajectories in the
centre of mass frame become elliptical for bound systems with planar trajectories param-
eterised as
r(ψ) =
a(1− e2)
1 + e cosψ
(2.36)
– 8 –
where a is the semi-major axis, e the eccentricity, and ψ is the angle of the trajectory in
the plane defined by the motion. We also define p = a(1−e2). The conservation of angular
momentum leads to the following expression for the time derivative of ψ
ψ˙ =
(
G˜M
p3
)1/2
(1 + e cosψ)2 (2.37)
where G˜ = GN (1 + 2β
2) is the renormalised Newton constant that appears in the gravi-
tational force when the leading effect of the conformal interaction is taken into account,
i.e. the strength of the Newtonian force is enhanced compared to the purely gravitational
case. Defining by M = mA + mB the total mass of the two bodies and µ =
mAmB
mA+mB
the
reduced mass, the energy of the system becomes
E = −G˜Mµ
2a
. (2.38)
The disformal interaction produces a correction to this Newtonian energy. From the
expression of the disformal Lagrangian (2.35), this correction to the energy is
δE = −4β
2G2NµM
2
Λ2
r˙2
r4
. (2.39)
where r˙ = drdt . For elliptical trajectories (2.36), this becomes
δE = − 4β
2
(1 + 2β2)2
µG˜3M3
Λ2p5
e2 sin2 ψ(1 + e cosψ)4 (2.40)
Over one period T of the system, the mean energy correction is defined as
〈δE〉 = 1
T
∫ T
0
dt δE(t)
=
1
2pi
(1− e2)3/2
∫ 2pi
0
dψ
δE(ψ)
(1 + e cosψ)2
(2.41)
where we have used the time derivative of ψ in eq. (2.37) and T = 2pi
√
a3
G˜M
using Kepler’s
third law. This gives for the correction to the energy due to the disformal interaction
〈δE〉
E
=
4β2
(1 + 2β2)2
G˜2M2
Λ2a4
e2(1 + e
2
4 )
(1− e2)7/2 . (2.42)
A few comments are in order. First, note that the disformal energy (2.42) vanishes for cir-
cular orbits where e = 0. Unfortunately, circular trajectories are almost always expected
for the LIGO/Virgo detector, as the emission of GW circularises the trajectory [24]. How-
ever, the space interferometer LISA should be sensitive to trajectories for Extreme Mass
Ratio Inspirals, which are expected to be elliptical [32] and so could provide a constraint
on the disformal energy. Second, note that the disformal energy is proportional to the
conformal factor β2 which is strongly constrained by the Cassini bound as β2 . 10−5.
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Lastly, we can rewrite the dimensionless parameter that appears in the ratio of energies in
two different suggestive ways ; the first one is
β2G˜2M2
Λ2a4
∼ β
2v4
Λ2r2
(2.43)
which simply follows from the virial theorem. This shows that the disformal term induces
a 2PN correction to the energy. As the best bound on Λ that we will get from the Hulse-
Taylor binary pulsar energy loss is Λ & 10−17 eV, the correction to the 2PN Hamiltonian
of GR shows up for distances
r ∼ β
Λ
. 1000 km (2.44)
We stress that this is not in tension with the LIGO/Virgo observation of GW, as the
observed orbits are circular and the disformal energy vanishes in this case (we will be more
precise on this statement in Sec. 2.6).
A second suggestive way to rewrite the dimensionless parameter is
β2G˜2M2
Λ2a4
=
(r?
a
)4
(2.45)
where r∗ is the nonlinear radius (2.8) associated with the total mass M , introduced in Sec.
2.1. Hence at the limit of validity of the perturbative treatment when a ' r?, this ratio
could become close to unity. When the non-linear radius is tuned to be of the order of the
Schwarzschild radius for solar mass objects, and close to the merger when the two objects
approach their Schwarzschild radius in relative distance this parameter will become close
to unity and nonperturbative effects should appear. A more detailed analysis of this regime
is certainly worth although beyond the scope of the present work.
2.6 Circular orbits
The first disformal contribution to the relativistic Lagrangian in the case of a circular orbit
vanishes. In this part we will show that this vanishing is also valid at higher order in the
Post-Newtonian (PN) expansion. On the other hand radiation reaction at 2.5PN order
renders the two-body orbit inspiralling instead of circular, which will eventually gives rise
to a non-zero contribution of the disformal coupling to the equations of motion. In this
Section we investigate the correction to the two-body Lagrangian which do not vanish for
circular orbits.
Let us first notice that the disformal vertex can be rewritten as
mα
Λ2m2Pl
∫
dτα
(
dφ(xα)
dτα
)2
(2.46)
where the total derivative of φ is taken along the path of the particle xα(τα). Intuitively, the
fact that the disformal coupling does not contribute for circular orbits can be directly seen
from this vertex. Indeed, since the scalar field depends on the relative distance r = |~xA−~xB|
which is constant for a circular orbit, the vertex will vanish because of the presence of a
time derivative. Let us now be more precise about this fact.
– 10 –
Figure 2: Feynman diagram corresponding to the insertion of a disformal vertex with any
other arbitrary vertices
Consider a general Feynman diagram involving a disformal vertex associated to the
first particle and any number of other vertices (including possibly disformal ones), as shown
in Figure 2. Ignoring the numerical factors, the amplitude of this diagram can be written
as
Fig2 =
∫
dτA
〈
T
(
dφ
dτA
)2
AB
〉
(2.47)
where A and B contain the other vertices. We can relate the proper time of each particle
to the time of a distant observer via
dτα = dt
√
1− v2α − hµνvµαvνα (2.48)
where vµα =
dxµα
dt = (1, ~vα) and we have decomposed the metric as gµν = ηµν + hµν . There
is a map between τα and t, whose precise form will depend on the trajectory of the two
particles ~xα(t).
In the Feynman amplitude, one can contract the two fields coming from the two fac-
tors of dφ/dτ with two fields amongst the ones present in A, B, leading to the following
expression ∫
dt H(t)
dF
dt
dG
dt
(2.49)
where F , G and H are functions of time depending on the vertices A and B. These function
can depend on time only through the trajectories of the two particles ~xα(t) but also on their
velocities ~vα(t), accelerations ~aα(t) and possibly higher order derivatives. When computing
the (conserved) two-body energy from the Lagrangian, one can replace the acceleration and
their derivatives using the equations of motion which are of second order, thus retaining a
dependence only through positions and velocities.
We will now show that the two functions F and G depend on time only through their
relative position and velocities. In the case of a circular motion, these quantities depend
very weakly on time, thus rendering the Feynman amplitude heavily suppressed. Let us
now derive this statement.
At each order in perturbation theory one can integrate out the short distance gravitons
Hµν using the background field method, see [30, 31], and keep the long wavelength ones
h¯µν , where hµν = Hµν + h¯µν . Similarly one can integrate out the short distance modes
of the scalar Φ and keep the long wavelength modes φ¯, see Sec. 3.1. The coupling of the
long wavelength gravitons to matter defines the (pseudo) energy-momentum tensor Tµν
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(including the self-energy of the gravitational field) by
Sgrav ⊃
∫
d4xh¯µνT µν , (2.50)
which is conserved at each order of perturbation theory thanks to diffeomorphism invariance
applied to h¯µν . The energy-momentum tensor allows us to define the centre-of-mass ~X of
the system as (∫
d3xT 00
)
Xi =
∫
d3xT 00xi. (2.51)
This comes from the invariance of the theory under boosts, which gives via Noether’s
theorem that the following charge is conserved
Q0i =
∫
d3x
(T 00xi − T 0it) . (2.52)
As the total momentum P i =
∫
d3xT 0i and energy E = ∫ d3xT 00 are also conserved, we
get that the centre-of-mass moves with a constant velocity, thus justifying its definition.
Even for GR and point-particle masses, the definition (
∑
AmA)X
i =
∑
AmAx
i
A is valid
only at lowest order in the PN expansion, since there are higher-order corrections implied
by the formula (2.51).
We can now use the two constraints on ~X
~X =
d ~X
dt
= ~0 (2.53)
in order to relate the four unknows (~xα, ~vα) to the relative coordinates ~x = ~xA − ~xB and
~v = ~vA − ~vB. For example, in GR and in the case of the circular motion of interest the
relation between coordinates and relative coordinates reads
mxiA = x
i
[
mB + 3νδm
(
GNM
r
)2]
− 4
5
G2NM
2νδm
r
vi (2.54)
and similarly for ~xB. Here we have introduced the mass difference δm = mA −mB and
r = |~x|. This formula is valid up to 2.5PN order. The precise form of this relation is
different for a scalar-tensor theory and has very recently been computed up to 3PN order
in Ref [33], but the statement that we can always recast the motion in terms of relative
coordinates is not modified.
So finally, in the case of a circular motion, the two unknown functions F and G are
functions of time through ~x and ~v. A scalar function built out of ~x and ~v must contain only
r, ~x · ~v and v by SO(3) invariance. For circular motions, r˙ = ~x · ~v = 0 and also v˙ = 0 up
to 2.5PN order1, this means that the disformal contribution to the energy is indeed very
suppressed.
1Actually, in a scalar-tensor theory, there could be a dipole energy loss term contributing at 1.5PN order
to r˙ [6]. However, since we make the simplifying assumption of a universal scalar-tensor coupling β, such
a dipole term vanishes.
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We just showed that the time derivative of φ present in the disformal vertex (2.34)
behaves like
dφ
dτ
' r˙∂rφ+ v˙∂vφ ' r˙
r
φ+
v˙
v
φ (2.55)
instead of the usual dφdτ ∼ vrφ that is expected from the post-Newtonian expansion (see
App A). From the energy balance between the Newtonian energy and gravitational wave
emission one can find that in terms of velocity power counting v˙ = O(v6) and r˙ = O(v6)
too. If we then use the power-counting rules of App. A, we find that the disformal vertex
counts as
m
Λ2m2Pl
∫
dτ
(
dφ
dτ
)2
∼ v
14
Λ2r2
(2.56)
and the disformal diagram 1 counts as Lβ2v14/(Λ2r2) (where L is the total angular mo-
mentum of the system, coming from the two vertices βm/mPl
∫
dtφ). This means that the
disformal term is a 7PN effect in the conservative dynamics, so very highly suppressed.
3 Disformal radiation and Back-reaction
3.1 The multipole expansion of the dissipative dynamics
Diagrammatic techniques allow us to find the first disformal contribution to the radiated
energy (into gravitational waves) of the system (we sketch in App B how we could recover
this result using directly the equations of motion). Let us focus on the scalar field that
is radiated away from the system, which we will call φ¯, i.e. it is a real scalar which is on
shell. We will ”integrate out” the conservative field which are involved in the interactions
between the bodies and are not radiated away. We will denote this conservative field by
Φ, so that the total scalar field can be written as φ = φ¯ + Φ. The explicit details of this
procedure can be found in Ref [31]. The scalar action becomes now
Seff ⊃
∫
d4x
(
−1
2
ηµν∂µφ¯∂ν φ¯+
1
mPl
Jφ¯
)
(3.1)
where we have neglected interacting terms quadratic or higher in the radiated fields that
contribute only at high order in the velocity expansion [34]. We will give the explicit
expression of the scalar coupling J in the following, but before doing this we will relate
it to the emitted power by using a multipole expansion. As we are interested in physical
configurations where the radiated scalar field φ¯ varies on scales much larger than the size
of the source, we can expand the scalar field around the centre-of-mass of the source (i.e.
we set ~X = ~0) up to second order
φ¯(t, ~x) = φ¯(t,~0) + xi∂iφ¯(t,~0) +
1
2
xixj∂i∂jφ¯(t,~0) . (3.2)
As the radiated field satisfies the scaling ∂iφ¯ ∼ vr φ¯, this is nothing but a velocity expansion.
Then by rearranging terms in the scalar coupling (3.1) (using only symmetric traceless
multipoles), we can write the interacting term up to second order in the velocity expansion
as
S
(φ)
int =
1
mPl
∫
dt
(
Iφφ¯+ I
i
φ∂iφ¯+
1
2
Iijφ ∂i∂jφ¯
)
(3.3)
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Figure 3: Feynman diagram contributing to the emission of one radiation scalar, at order
v2. It should be added to its symmetric counterpart. The curly line represents the radiated
field φ¯ while the dotted line represents the potential field Φ. The vertex shown in this
diagram is written in eq. (A.11)
where the multipole moments are given by
Iφ ≡
∫
d3x
(
J +
1
6
∂2t Jx
2
)
, Iiφ ≡
∫
d3xJxi , Iijφ ≡
∫
d3xJ
(
xixj − 1
3
x2δij
)
. (3.4)
From this expression, the power radiated into the scalar field can be found
Pφ = 2GN
[〈
I˙2φ
〉
+
1
3
〈
I¨iφI¨
i
φ
〉
+
1
30
〈...
I
ij
φ
...
I
ij
φ
〉]
(3.5)
where the brackets denote the average over many gravitational wave cycles. This is the
scalar counterpart of the GR power radiated into gravitons
Ph =
GN
5
〈...
I
ij
h
...
I
ij
h
〉
(3.6)
where Iijh ≡
∫
d3xT 00
(
xixj − 13x2δij
)
is the gravitational quadrupole of the source. These
formulae are derived in Ref [31].
To lowest order in the velocity expansion, J is simply given from eq. (2.34) by
Jv0 = −β
(
mAδ
3(~x− ~xA) +mBδ3(~x− ~xB)
)
(3.7)
where A and B denote the two objects that we are referring to. The first relativistic
correction to the source J comes by integrating out the conservative fields. Following [31],
the conformal part of the coupling at second order is given by
Jv2 = β
(
mA
v2A
2
δ3(~x− ~xA) + (A↔ B)
)
+ β
GNmAmB
|~xA − ~xB|
(
δ3(~x− ~xA) + (A↔ B)
)
. (3.8)
The first disformal contribution to J involves only one Feynman diagram, Figure 3. The
detailed calculation of this diagram are in App A. This gives the following contribution to
J
Jdisf = 4β
GNmAmB
Λ2
d2
dt2
1
|~xA − ~xB|
(
δ3(~x− ~xA) + (A↔ B)
)
. (3.9)
Notice that, as for the conservative part, this contribution vanishes exactly for a circular
orbit. The lowest-order contribution of the disformal source term Jdisf in the multipole
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expansion is in the monopole (higher multipoles are further velocity-suppressed). We can
consequently write the dipole and quadrupole emission terms using only the expression for
Jv0
Iijφ = −β
(
mA
(
xixj − 1
3
x2δij
)
+ (A↔ B)
)
Iiφ = −β
(
mAx
i
A + (A↔ B)
) (3.10)
and their contribution in the radiated power will be the same as in conformally coupled
scalar-tensor theories. As we focus on a universal conformal coupling β, the contribution
of the dipole in the radiated power vanishes, because its second derivative is zero by the
centre-of-mass theorem at lowest order in the velocity. The lowest order contribution to
the monopole, given by Jv0 , vanishes also because it is simply Iφ, v0 = −β(mA+mB) which
is a constant by conservation of matter. The next contribution to the monopole, including
the disformal contribution, starts at the same order as the quadrupole radiation in the
velocity expansion and can be written as
Iφ, v2+disf =
β
6
(mAv
2
A +mBv
2
B) +
β
3
(7 + 2β2)
GNm1m2
|~xA − ~xB|
+ 8β
GNmAmB
Λ2
d2
dt2
1
|~xA − ~xB| .
(3.11)
At this order mA
v2A
2 + mB
v2B
2 ' GN (1+2β
2)mAmB
|~xA−~xB | by conservation of the Newtonian energy
hence one can rewrite the monopole term as
Iφ, v2+disf = 4βGNmAmB
(
2 + β2
3|~xA − ~xB| +
2
Λ2
d2
dt2
1
|~xA − ~xB|
)
. (3.12)
At this point one can easily see that the disformal term is a v2/(Λ2r2) correction to the
conformal monopole, i.e a 1PN effect for an elliptic orbit. In the case of a circular orbit,
we showed in Sec. 2.6 that one should replace d/dt → v6/r instead of the usual counting
d/dt→ v/r, and so the disformal term is a v12/(Λ2r2), i.e 6PN, correction to the conformal
monopole.
In the next Section we will then use the relation Pφ = 2GN
〈
I˙2φ
〉
to find the final
expression for the radiated power.
3.2 Radiated power of elliptic orbits
In this Section we will calculate the power emitted from the system in an eccentric orbit.
As discussed before, the total emitted power splits into the power lost into gravitons and
the one lost into the scalar field. For the graviton case the power emitted for elliptic orbits
is known from the Peter-Mathews formula[24]. Here one should use the normalised Newton
constant G˜ instead of GN in the quadrupole moment of the source. Using eq. (3.6) we
obtain for this power
Ph =
32
5G˜(1 + 2β2)
(G˜Mcω)
10/3f1(e) ,
f1(e) =
1
(1− e2)7/2 (1 +
73
24
e2 +
37
96
e4)
(3.13)
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where Mc = (mAmB)
3/5/M1/5 is the chirp mass, M = mA + mB is the total mass of the
system, and ω = 2piT is the frequency of the system that satisfies Kepler’s third law
ω2 =
G˜M
a3
. (3.14)
Let us now discuss the scalar radiation. Since the scalar quadrupole (3.4) is propor-
tional to the gravitational quadrupole, we deduce from eq. (3.5) that the scalar quadrupole
power loss is
P quadφ =
β2
3
Ph . (3.15)
As discussed above, the scalar dipole is zero as we focus on a universal scalar coupling
β. We are left to calculate the monopole power starting from eq. (3.12). Using the same
method as in Sec. 2.5, we can define the average over many gravitational wave cycles
appearing in the emitted monopole power (3.5) as〈
I˙2φ
〉
=
1
2pi
∫ 2pi
0
dψ
(1− e2)3/2
(1 + e cosψ)2
I˙2φ(ψ) (3.16)
where T is the period of the system, e the excentricity and ψ is the angle along the trajectory
defined in eq. (2.36). This integral leads to the monopole power
Pmonoφ =
16
9G˜
β2(2 + β2)2
(1 + 2β2)3
(G˜Mcω)
10/3
× (f2(e)− 12yf3(e) + 36y2f4(e)) (3.17)
where the three ellipticity functions f2, f3 and f4 are given by :
f2(e) =
e2
(1− e2)7/2
(
1 +
1
4
e2
)
f3(e) =
e2
(1− e2)13/2
(
1 +
37
4
e2 +
59
8
e4 +
27
64
e6
)
f4(e) =
e2
(1− e2)19/2
(
1 +
217
4
e2 +
1259
4
e4 +
11815
32
e6 +
11455
128
e8 +
1125
512
e10
) (3.18)
and y is the parameter
y =
G˜M
(2 + β2)Λ2a3
=
1
2 + β2
(ω
Λ
)2
(3.19)
where for the second equality we have used Kepler’s third law (3.14).
The first ellipticity function corresponds to the conformal case without any disformal
interaction and agrees with other references [35], whereas the other functions contribute
only when a disformal interaction is present. We can remark that, in order for the disformal
correction to be small, we have to impose y . 1, i.e ω . Λ. This is a reformulation of
the scaling that we obtained in the App. A by examining the weight of the disformal
operator in the PN expansion. One can also relate the parameter y to the nonlinear radius
introduced in eq. (2.8) via
y ' 1
β2
r?
rs
(r∗
a
)3
(3.20)
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in terms of both the nonlinear radius r∗ and the Schwarzschild radius rs = 2GNM asso-
ciated to the total mass M . Notice that as long as a & r?, this should be smaller than
unity. At the limit of validity of the perturbative treatment when a ' r?, this can become
of order unity when the non-linear radius is r? & β2rs, i.e. when the disformal scale Λ is
not too large.
By summing up all contributions, we find the final formula for the emitted power :
P =
32
5(1 + 2β2)G˜
(G˜Mcω)
10/3
×
(
(1 +
β2
3
)f1(e) +
5
18
β2(2 + β2)2
(1 + 2β2)2
(
f2(e)− 12yf3(e) + 36y2f4(e)
))
.
(3.21)
Notice that the disformal contribution vanishes for circular orbits. As for the conserva-
tive dynamics, the leading contribution in this case is much suppressed compared to the
monopole and quadrupole due to the conformal interaction.
3.3 Constraint from the Hulse-Taylor pulsar
As stated above, the observation of an elliptic inspiral in a GW detector could allow us to
put constraints on a disformal interaction. The correction to the total energy (2.42) and to
the dissipated power (3.21) should be consistently used to derive a waveform template in
order to perform a matched filter analysis. We can note from eq. (3.19) that the strongest
constraint would come from systems with high frequencies, i.e from elliptic systems in the
LIGO/Virgo band. While the majority of such systems are expected to have circular orbits,
it could also be possible to observe an eccentric merger induced by, e.g., Kozai oscillations
of a triple system [36, 37].
In this Section we will rather focus on the simple constraint coming from the observa-
tion of the Hulse-Taylor pulsar B1913+16, which is well-known to have an orbital decay
consistent with GR at the 0.2 percent level [25, 38]. This system does also have a large
eccentricity, e ' 0.6, which does maximise the disformal effect. We use the parameters
inferred from the non-relativistic analysis of arrival time data quoted in Ref. [38] (we only
need the orbital period Pb = 2pi/ω and the eccentricity e). By simply requiring that the
dissipated power in eq. (3.21) should not be corrected by more than 0.2 percent by the
disformal effect, we find the following bound on Λ
Λ & 10−17 eV (3.22)
where we have also used the fact that the conformal coupling is strongly constrained by the
Cassini bound, β2 . 10−5. This bound is comparable with the one from torsion pendulum
experiments [9].
4 Conclusion
We have analysed the first correction to the conservative and dissipative parts of the effec-
tive action for a two body system coupled both conformally and disformally via a massless
scalar field. For circular orbits, the effect of the disformal coupling is very suppressed in
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the PN expansion. For elliptical orbits, the corrections are small in the perturbative regime
corresponding to large separation between the objects in the inspiralling phase. When the
two bodies approach each other, the effects can become of order unity when perturbation
theory starts breaking down. Hence the disformal interaction playing a significant role in
the dynamics of the two body system at the end of the inspiralling phase and during the
merging cannot be excluded. Of course this is beyond the present scope of this paper, and
should be investigated as more data will eventually allow one to test extensions of General
Relativity more deeply.
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A Diagrammatic expansion
A.1 Feynman rules
Feynman diagrams allow one to derive the effective action by integrating out the scalar
and gravitational fields
exp (iSeff [xα]) =
∫
DhµνDφ exp (iS[xa, hµν , φ] + iSGF,h[hµν ]) (A.1)
Here we have split the metric according to gµν = ηµν + hµν and SGF,h refers to a gauge-
fixing term that is needed in order to make the graviton propagator well-defined. As we will
only consider diagrams with scalars here, we will not need its expression. The path-integral
generates both a real and an imaginary part in the effective action. The former corresponds
to the conservative dynamics of the objects and the latter is related to the energy loss of the
system by the optical theorem [30]. We will concentrate here on the conservative dynamics
first. The effective action is associated with the action of two objects of trajectory xα(t)
Seff =
∫
dtL[vα,xα]. (A.2)
In order to compute Seff as an expansion in terms of Feynman diagrams, we need the scalar
propagator coming from the quadratic term in the action − ∫ d4x√−g(∂φ)2
〈Tφ~k(t)φ~q(t′)〉 = −(2pi)3
i
k2
δ(3)(~k + ~q)δ(t− t′) (A.3)
where we have imposed that the spatial part of the momentum ~k is much greater than the
temporal one k0. This can be understood as the fact that velocity-dependent terms come
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only as a perturbation of the static potential in a non-relativistic treatment. The Feynman
rules generated by the path-integral (A.1) (taking into account only potential fields, i.e
that do not radiate energy outside of the system) are the following :
• Draw all the diagrams that remain connected when removing the world-lines of the
particles, discarding quantum loop diagrams.
• Divide by the symmetry factor of the diagram
• For each vertex (the relevant ones in this article being given in eq. (2.34)), multiply
the corresponding expression by i.
• Contract all the internal gravitons. This gives a combinatorial factor corresponding
to the number of Wick contractions, plus the propagator given in eq. (A.3).
Let us mention the power-counting rules associated with the vertices. The expansion
parameter of Non-Relativistic General Relativity is, as in a Post-Newtonian expansion, the
typical velocity of the two bodies v which can be related to the orbital radius r via the
virial theorem v2 ∼ GNm/r. Each vertex in the action (2.34) can be associated to a weight
in this expansion [29]. The counting goes as follows :
• A scalar or graviton counts as √v/r, as can be obtained from the propagator.
• The virial theorem states that mα/mPl counts as
√
Lv where L = mrv is the angular
momentum of the system.
• Times counts as t ∼ r/v.
• Finally, each diagram should be proportional to L, as it is the loop counting parameter
of the system and we consider only classical dynamics.
Using these rules, we can see that the lowest-order scalar vertex counts as m/mPl
∫
dtφ ∼√
L which gives the Newtonian diagram
m2
m2Pl
∫
dt1dt2 〈Tφφ〉 ∼ L (A.4)
while the disformal vertex counts as
mα
Λ2m2Pl
∫
dτα (∂µφu
µ
α)
2 ∼ v
4
Λ2r2
(A.5)
so that, if we impose that it should be of the same order than a typical term entering the
first Post-Newtonian corrections of the energy like m/m2Pl
∫
dτφ2 (which counts as v2) in
order to have an interesting perturbative deviation from GR, we have the following bound
on Λ :
r & v
Λ
(A.6)
The precise bound on Λ coming from observations using this estimate is given in Sec.
3.3, where we examine the constraint coming from the disformal radiation in the Hulse-
Taylor binary pulsar.
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A.2 First conservative correction
We now calculate the diagram given in Figure 1 using these rules. Using the expression of
the proper time given in eq. (2.48) we find :
Fig1 =
1
2
im1
Λ2m2Pl
∫
dt1
(−i)2β2m22
m2Pl
∫
dt2dt3
〈
T (∂µφ(t1, x1)u
µ
1 )
2φ(t2, x2)φ(t3, x3)
〉
(A.7)
where the 1/2 is the symmetry factor of the diagram, and for simplicity we denote by 1 and
2 the two bodies (instead of A, B in the rest of the article). Using the Fourier transform
of the field and Wick’s contraction we have
Fig1 = i
β2m1m
2
2
Λ2m4Pl
∫
dt1dt2dt3
d3k1d
3k2
(2pi)6
1
k21k
2
2
ei
~k1·(~x1(t1)−~x2(t2))ei~k2·(~x1(t1)−~x2(t3))
×
[
d
dt1
δ(t1 − t2) + δ(t1 − t2)i~k1 · ~v1
] [
d
dt1
δ(t1 − t3) + δ(t1 − t3)i~k2 · ~v1
] (A.8)
Using ddt1 δ(t1 − t2) = − ddt2 δ(t1 − t2) and integrating by parts, we have
Fig1 = −iβ
2m1m
2
2
Λ2m4Pl
∫
dt
d3k1d
3k2
(2pi)6
1
k21k
2
2
ei
~k1·(~x1−~x2)ei~k2·(~x1−~x2)
×
[
~k1 · (~v1 − ~v2)
] [
~k2 · (~v1 − ~v2)
] (A.9)
Finally with the formula
∫
d3k
(2pi)3
~k
k2
ei
~k·~r = i ~r
4pir3
, with ~r = ~x1 − ~x2 we get
Fig1 = i
β2m1m
2
2
16pi2Λ2m4Pl
∫
dt
(~n · (~v1 − ~v2))2
r4
(A.10)
with ~n = ~r/r. Upon using Planck’s mass definition GN =
1
8pim2Pl
and summing over the
symmetric diagram, we finally find the formula for the first disformal correction to the
two-body Lagrangian given in eq. (2.35).
A.3 First dissipative correction
The second diagram that we have to calculate is shown in Figure 3, and gives the contribu-
tion of the disformal vertex to the dissipative dynamics. Decomposing the total field into
a conservative and a dissipative part as φ = φ¯+ Φ, this diagram emerges from the vertex
coupling φ¯ and Φ, which can be written (using eq. (2.34)) as :
2
mα
Λ2m2Pl
∫
dt∂µφ¯u
µ
α∂µΦu
µ
α (A.11)
Here φ¯ is treated as an external field while Φ is integrated out and enters the Feynman
diagrams in the internal lines. Using this expression, the diagram of Figure 3 can be written
as
Fig3 = 2i
m1
Λ2m2Pl
∫
dt1(−i)β m2
mPl
∫
dt2∂µφ¯(t1, ~x1)u
µ
1 〈T∂µΦ(t1, ~x1)uµ1 Φ(t2, ~x2)〉 (A.12)
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Using manipulations similar to the calculation of the previous diagram, one finds that this
gives
Fig3 = 2iβ
m1m2
Λ2m3Pl
∫
dt∂µφ¯(t1, ~x1)u
µ
1
~n · (~v1 − ~v2)
4pir2
(A.13)
To this expression one should add the symmetric diagram obtained by exchanging labels
1 and 2. By noticing that ∂µφ¯(t1, ~x1)u
µ
1 =
d
dt φ¯(x1), one can integrate by parts in order to
put this diagram in a form similar to i
∫
d4x JmPl φ¯ as required by the equation (3.1) defining
J . By further noticing that ~n·(~v1−~v2)
r2
= − ddt 1r , one can write the formula for the disformal
contribution to J that is found in the main text
Jdisf = 4β
GNmAmB
Λ2
d2
dt2
1
|~xA − ~xB|
(
δ3(~x− ~xA) + (A↔ B)
)
(A.14)
B Radiation from point sources
Energy loss implies that bound systems on elliptical orbits inspiral towards each other.
The power radiated by the sources is given by
P =
∫
d2SiT φ0i (B.1)
across a surface far away from the point sources. This is the flux due to the scalar energy
momentum tensor. Using the divergence theorem this is nothing but
P =
∫
d3x∂iT φ0i (B.2)
Using the conservation of the total energy momentum tensor, this can be rewritten as
P = −
∫
d3x ∂µT0µ − d
dt
∫
d3xT φ00. (B.3)
The Bianchi identity and the Einstein equation imply the non-conservation equation for
the scalar energy-momentum tensor
∂µTµν =
βT
mPl
∂νφ− 2
M4
∂µ(∂λφT
µλ)∂νφ. (B.4)
Focussing on a two body system where orbits are closed, and taking the average over the
orbit, the last term of the previous equation averages to zero implying that
〈P 〉 = − β
mPl
∫
d3x
〈
T
dφ
dt
〉
+
2
M4
∫
d3x
〈
∂µ(∂λφT
µλ)
dφ
dt
〉
(B.5)
We have φ = φ(0) + δφ(0) where
φ(0) = −−1ret(
βT
mPl
) =
β
4pimPl
∫
d3x′
1
|~x− ~x′|T (~x
′, x0 − |~x− ~x
′|
c
) (B.6)
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and the inverse d’Alembertian is calculated using the retarded Green’s function G(x, x′) =
−12θ(x0 − x
′0)δ((x− x′)2) where x2 = −c2t2 + ~x2. Notice we have reinstated the speed of
light c as a book-keeping parameter. Similarly we have
δφ(0) =
2
m2PlΛ
2
−1ret(∂µ(∂νφ(0)Tµν)) = −
1
2pim2PlΛ
2
∫
d3x′
1
|~x− ~x′|(∂µ(∂νφ
(0)Tµν))(~x′, x0−|~x− ~x
′|
c
).
(B.7)
The dissipated power contains three terms. The first one comes from the conformal coupling
only and reads
〈P 〉conf = −
β
mPl
∫
d3x
〈
T
dφ(0)
dt
〉
(B.8)
which after integrations by parts becomes
〈P 〉conf =
β2
4pim2Pl
∑
n≥1
(−1)n+1
c2n+1
∫
d3xd3x′
dn+1
dxn+10
T (~x, x0)|~x− ~x′|2n d
n+1
dxn+10
T (~x′, x0). (B.9)
All the terms involving even inverse powers of c vanish in this series. The term correspond-
ing to n = 0 in c−1 vanishes too as mass is conserved. The disformal contributions to the
emitted power are new and read
〈P 〉dif = −
β
mPl
∫
d3x
〈
T
dδφ0
dt
〉
+
2
mPl2Λ
2
∫
d3x
〈
∂µ(∂λφ
(0)Tµλ)
dφ(0)
dt
〉
. (B.10)
The first term involves the correction to φ coming from the disformal interaction whilst
the second is the direct effect of the disformal interaction in the conservation of energy-
momentum. In the main text, the conformally and disformally emitted powers have been
evaluated using diagrammatic techniques.
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